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ABSTRACT. We gives examples of Com-PreLie bialgebras, that is to say bialgebras with a 
preLie product satisfying certain compatibilities. Three families are dehned on shuffle algebras: 
one associated to linear endomorphisms, one associated to linear form, one associated to preLie 
algebras. We also give all graded preLie product on ]K[Ai], making this bialgebra a Com-PreLie 
bialgebra, and classify all connected cocommutative Com-PreLie bialgebras. 

KEYWORDS. Com-PreLie bialgebras; PreLie algebras; connected cocommutative bialgebras. 
AMS CLASSIFICATION. 17D25 


Contents 

1 Com-PreLie and Zinbiel-PreLie algebras 

1.1 Definitions. 

1.2 Linear endomorphism on primitive elements. 

2 Examples on shuffle algebras 

2.1 Com-PreLie algebra attached to a linear endomorphism 

2.2 Com-PreLie algebra attached to a linear form. 

2.3 Com-PreLie algebra associated to a preLie algebra . . 

3 Examples on ]K[Ai] 

3.1 Graded preLie products on ]K[Ai]. 

3.2 Classification of graded preLie products on ]K[X] . . . 

4 Cocommutative Com-PreLie bialgebras 

4.1 First case. 

4.2 Second case. 


Q 

I 

i 

y 

0 

0 

[3 


16 


18 


20 


22 


23 


28 


Introduction 

The composition of Fliess operators |6] gives a group structure on set of noncommutative formal 
series ]K((xo,xi)) in two variables xq and Xi. For example, let us consider the following formal 


1 



































series: 


A — O0 + Q-o^^o + oixi + (ioqXq + aoi^^o^^i “1“ oio^^ia^o + + • • •, 

B = bq) + boXo + biXi + booa^o + ^oia^oa^i + + hixl + ..., 

B = C0 + cqXo + cixi + cooajQ + (^mxoxi + cioxiXq + ciix\ + ...; 

if (7 = A.B, then: 


C 0 — 00 + 60 , 

Co = oo + ^0 + 0160, 

Coo = ooo + ^00 + 001^0 + 010^0 + O1160 + ai6o, 
coi = ooi + ^01 + O1160 + O161, 
cio = oio + ^10 + O1160, 

Cll = Oil + 611 . 

This quite complicated structure can be more easily described with the help of the Hopf algebra 
of coordinates of this group; this leads to a Lie algebra structure on the algebra ]K(xo,®i) 
of noncommutative polynomials in two variables, which is in a certain sense the infinitesimal 
structure associated to the group of Fliess operators. As explained in [3j, this Lie bracket comes 
from a nonassociative, preLie product •. For example: 

XqXq • Xq = 0, XoXo • Xi = 0, 

XoXi • Xo = XqXqXo, XqXi • Xi = XqXqXi, 

XiXo • Xo = 2xoXoXo, XiXq • Xi = XqXqXi + XqXiXq, 

XiXi • Xo = XiXqXo + XoXiXo + XoXqXi, XiXi • Xi = XiXqXi + 2 xoXiXi. 

Moreover, ]K(xo, xi) is naturally a Hopf algebra with the shuffle product LLI and the deconcatena¬ 
tion coproduct A, and it turns out that there exists compatibilities between this Hopf-algebraic 
structure and the preLie product •: 

• For alla, 6 ,cGA, (aLiJ 6 )»c = (a«c)LiJ 6 -|-aLiJ( 6 «c). 

• For all a, 6 € A, A(o • 6 ) = • 6 -|-a^^^ * 6 ^^^ ( 8 ) LLl 6 (^\ with Sweedler’s notation. 

this is a Com-PreLie bialgebra (definition [T]). Moreover, the shuffle bracket can be induced by 
the half-shuffle product and there is also a compatibility between ^ and •: 

• For all a, 6 , c G A, (a ^ b) • c = (a • c) -< b + a ^ (b • c). 
we obtain a Zinbiel-PreLie bialgebra. 

Our aim in the present text is to give examples of other Com-PreLie algebras or bialgebras. 
We first introduce three families, all based on the shuffle Hopf algebra T(V) associated to a 
vector space V. 

1. The first family T{V,f), introduced in [1], is parametrized by linear endomorphism of V. 
For example, if xi, X 2 , X 3 € H, tc G T{V)‘. 

xi • w = /(xi)rc, 

X 1 X 2 •w = xif{x 2 )w + f{xi){x 2 iliw), 

X1X2X3 •W = XiX 2 fix 3 )w + Xi/(x2)(x3llJrc) -|- /(xi) (X2X3 111 tc). 

In particular, if H = Vect{xo,xi), /(xq) = 0 and /(xi) = xq, we recover in this way the 
Com-PreLie bialgebra of Fliess operators. 
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2 . The second family T{V, f, A) is indexed by pairs (/, A), where / is a linear form on V and 
A is a scalar. For example, if x,yi,y2,y3 € V and w G T(V): 

xwyi = f{x)w[nyi, 

xw • yiy2 = f{x){w[l}yiy2 + Xf{yi)wlUy2), 
xw • yiy2y3 = f{x){w[l}yiy2y3 + Xf{yi)wlUy2y3 + X^f{yi)f{y2)w[ily3). 

We obtain a Com-PreLie algebra, but generally not a Com-PreLie bialgebra. Nevertheless, 
the subalgebra coS{V) generated by 1 / is a Com-PreLie bialgebra. Up to an isomorphism, 
the symmetric algebra becomes a Com-PreLie bialgebra, denoted by S{V,f,X). 

3 . If * is a preLie product on V, then it can be extended in a product on T{V), making it a 
Com-PreLie bialgebra denoted by T{V,-k). For example, if xi,X2,X3,y GV,wG TiV). 

xi • yw = (xi * y)w, 

xiX2 •yw = (xi * y){x2UJw) -b xi{x2 * y)w, 

X1X2X3 •yw = (xi *y)(x2X3LLIrc) -b xi(x2 * y)(x3 Hire) -b xiX2{x3 y)w. 

These examples answer some questions on Com-PreLie bialgebras. According to proposition 01 
if A is a Com-PreLie bialgebra, the map Ja defined by fA{x) = x • 1^4 is an endomorphism of 
Prim{A)] if Ja = 0 , then Prim{A) is a PreLie subalgebra of A. Then: 

• If A = T(U, /), then fA = f, which proves that any linear endomorphim can be obtained 
in this way. 

• If A = T(V,-k), then /a = 0 and the preLie product on Prim{A) is -k, which proves that 
any preLie product can be obtained in this way. 

The next section is devoted to the algebra ]K[A]. We first classify preLie products making it a 
graded Com-PreLie algebra: this gives four families of Com-PreLie algebras described in theorem 
fTHl including certain cases of T{V,f). Only a few of them are compatible with the coproduct 
of ]K[A] (proposition [ 23 ]). The last paragraph gives a classification of all connected, cocommu- 
tative Com-PreLie bialgebras ftheorem I 24 p : up to an isomorphism these are the S{V,f,X) and 
examples on ]K[A]. 

Aknowledgment. The research leading these results was partially supported by the French 
National Research Agency under the reference ANR- 12 -BS 01 - 0017 . 

Notations. 

1 . K is a commutative field of characteristic zero. All the objects (vector spaces, algebras, 
coalgebras, preLie algebras...) in this text will be taken over K. 

2 . Let A be a bialgebra. 

(a) We shall use Swwedler’s notation A(a) = (8> for all a € A. 

(b) We denote by A_|_ the augmentation ideal of A, and by A the coassociative coproduct 
defined by: 

A+ A+ 

A(a) — a (g) lyi — 1 a <8) a. 

We shall use Sweedler’s notation A(o) = a' (g) a" for all a G A_|_. 
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1 Com-PreLie and Zinbiel-PreLie algebras 


1.1 Definitions 

Definition 1 1. A Com-PreLie algebra is a family A = {A, 111, •), where A is a vector 

space and 111 and • are bilinear products on A, such that: 

(a) (A, m) is an associative, commutative algebra. 

(b) (j4, •) is a (right) preLie algebra, that is to say, for all a,b,c^ A: 

(a • b) • c — a • (b • c) = (a • c) • b — a • (c • b). 

fc) For all a,b,c G A, (alll6) • c = (a • c) Ill6 -|- alll (6 • c). 

2. A Com-PreLie bialgebra is a family [A, 111,*, A), such that: 

(a) (^, m,.) is a unitary Com-PreLie algebra. 

(b) {A, LLI, A) is a bialgebra. 

(c) For all a,b ^ A, A{a •b) = 0 • b -I- • 6^^) 0 Ill6(^). 

We shall say that A is unitary if the associative algebra {A, 111) has a unit. 

3. A Zinbiel-PreLie algebra is a family A = {A, -<,*), where A is a vector space and 0 and • 
are bilinear products on A, such that: 

(a) (^4, -<) is a Zinbiel algebra (or shuffle algebra, 13 [3 that is to say, for all a,b,c & A: 

{a <b)Pc = a^{b^c-\-cPb). 

(b) (^, •) is a preLie algebra. 

(c) For all a,b, c € A, {a <b) • c = {a* c) -< b + a ^ {b • c). 

f. A Zinbiel-PreLie bialgebra is a family (A, lll,-<,*,A) such that: 

(a) (^4, 111,*, A) is a Com-PreLie bialgebra. 

(b) (j4_|_, X, •) is a Zinbiel-PreLie algebra, and for all x,y & Aj^, x y -\- y x = xUly. 

(c) For all a,b G A^: 

A(a 0 6) = 0 6^ 0 a" Wlb” -\- a' < b ® a" -\- a' ® a"Wlb -\- a < b' ® b" -\- a ® b. 


Remarks. 

1. If [A, 111, *, A) is a Com-PreLie bialgebra, then for any A € IK, [A, 111, A*, A) also is. 

2. If A is a Zinbiel-preLie algebra, then the product 111 defined byalll6 = a 06 -|- 60 ais 
associative and commutative, and {A, LLI, •) is a Com-PreLie algebra. Moreover, if A is a 
Zinbiel-PreLie bialgebra, it is also a Com-PreLie bialgebra. 

3. If M is a Zinbiel-PreLie bialgebra, the product 111 is entirely determined by we can omit 
111 in the description of a Zinbiel-PreLie bialgebra. 

4. If ^ is a Zinbiel-PreLie bialgebra, we extend -< by a 0 1^4 = a and lyi 0 a = 0 for all 
a € A_|_. Note that 1^ 0 1^4 is not defined. 
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5. If ^4 is a Com-Prelie bialgebra, if a, 6 G A^: 

A{a • 1a) = a' ® a” • + a' • <8> a", 

A(a •h) = a' ® a” • h + a • 1 a ® b + a • h' ® b” 

+ a' • 1 a® a” Wlb + a' • b ® a" + a' • y ® a” LLI6", 

as we shall prove later (lemma [3]) that 1^4 • c = 0 for all c ^ A. 

Associative algebras are preLie. However, Com-PreLie algebras are rarely associative: 

Proposition 2 Let A = (A, LLI, •) be a Com-PreLie algebra, such that for all x £ A, xUlx = 0 
if, and only if, x = 0. If • is associative, then it is zero. 

Proof. Let x,y £ A. 

{{xUIx) • y) • y = 2{{x • y)[l}x) • y 

= 2{{x • y) • y)\A}x + 2{x • y)[l}{x • y) 

= 2{x • {y • y))\llx 2{x • y)\ll{x • y) 

= (xUIx) • {y • y) + 2{x • y)\A}{x • y). 

Hence, (x • y) LLI (x • y) = 0. As A is a domain, x •y = 0. □ 

Hence, in our examples below, which are integral domains (shuffle algebras or symmetric 
algebras), the preLie product is associative if, and only if, it is zero. Here is another example, 
where • is associative. We take A = Vect{l,x), with the products defined by: 


HI 

1 

X 

• 

1 

X 

1 

1 

X 

1 

0 

0 

X 

X 

0 

X 

0 

X 


ff the characteristic of the base field IK is 2, this is a Com-PreLie bialgebra, with the coproduct 
defined by A(x) = x0l + l(8)x. 

1.2 Linear endomorphism on primitive elements 

Lemma 3 1. Let A be a Com-PreLie algebra. For all a £ A, 1^ • a = 0. 

2. Let A be a Com-PreLie bialgebra, with counit e. For all a,b £ A, e(a • 6) = 0. 

Proof. 1. indeed, 1a* a = {IaAa) • a = (1 a • a). 1a + lA-(lyl • a) = 2(1a • a), so 1a • a = 0. 

2. For all a,b £ A: 

£{a •b) = {e ®£) o A{a • b) 

= • 6) + £(a^^^ • 1116*'^^) 

= e(a^^^)e(a^^^ • 6) + 

= e(a • 6) + £{a • b), 

so £{a • b) = 0. □ 

Remark. Consequently, if a is primitive: 

A(a • b) = lA®a»b-t-a» ® . 
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So the map b —a • 6 is a 1-cocycle for the Cartier-Quillen cohomology |T] . 

If ^4 is a Com-PreLie bialgebra, we denote by Prim{A) the space of its primitive elements: 
Prim{A) = {a ^ A \ A(a) = a (g) 1 -|- 1 (8> a}. 

We define an endomorphism of Prim{A) in the following way: 

Proposition 4 Let A be a Com-PreLie bialgebra. 

1. If X (z Prim{A), then x • 1 a € Prim{A). We denote by /a the map: 

( Prim{A) —^ Prim{A) 

' I a —^ a • 1a- 

2. If fA = 0, then Prim{A) is a preLie subalgebra of A. 

Proof. 1. Indeed, if a is primitive: 

A(o • 1a) = a (g) 1 a • 1a + 1a o • Ia + o • 1a <g> IaUJ 1a + 1a • Ia ® aUJ 1 a 
= 0 -|- 1a g) 1 a • q- + ffl • 1 a ® 1a d“ 0, 

so a • 1 a is primitive. 

2. Let a, 6 € Prim{A). 

A(a •6) = a0lA«^+lAg>a*& + lA*lA® alilft -|-a«lA<8)&+lA*^®a + a*fe<8)lA 
= lAg>a«& + a«&g> 1 a- 

So a mb & Prim{A). □ 


2 Examples on shuffle algebras 


Let P be a vector space and let / : P —P be any linear map- The tensor algebra r(P) is 
given the shuffle product 111, the half-shuffle ^ and the deconcatenation coproduct A, making 
it a bialgebra. Recall that these products can be inductively defined in the following way: if 
x,y e V, u,v e T(P): 


( 1 yv = 0, f iLLIu = 0, 

\ XU P V = x(uPvpvPu), \ xuLUyv = x(uLUyv) + y(xuUJv). 

For any xi,..., x„ € P: 

n 

A(xi . . . Xn) = ^ Xi . . . Xj g) Xj+i ...Xn- 
i=0 


For all linear map F : P —IP, we define the map: 


T{F): 


T{V) 

Xi...Xn 


T{W) 

f\xi) . ..F{Xn)- 


This a Hopf algebra morphism from T{V) to r(lP). 


The subalgebra of (T(P), 111) generated by P is denoted by coSfV). It is the largest cocom- 
mutative Hopf subalgebra of (r(P), 111, A); it is generated by the symmetric tensors of elements 
of P. 
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2.1 Com-PreLie algebra attached to a linear endomorphism 

We described in [1] a first family of Zinbiel-PreLie bialgebras; coming from a problem of com¬ 
position of Fliess operators in Control Theory. Let / be an endomorphism of a vector space V. 
We define a bilinear product • on T(V} inductively on the length of words in the following way: 
ifxeV,v,we T(V), 

1 • w = 0, XV •w = x{v • w) + /(x)(uLLIrc). 

Then {T{V),^,»,A) is a Zinbiel-PreLie bialgebra, denoted by T{V,f). Moreover, fT(vj) — /• 

Examples. If xi,X 2 ,X 3 €V,w^ T{V): 

xi • w = f{xi)w, 

XlX 2 •W = Xlf{x 2 )w + f{xi){x 2 \liw), 

X 1 X 2 X 3 •W = XiX 2 f{x 3 )w -I- Xif{x 2 ){x 3 iliw) + /(xi)(x 2 X 3 LLItc). 

More generally, if xi,..., G P and w G TiV): 

n 

Xi . . .Xn*W = y~]xi . . .Xi-if{Xi){Xi+i . . .XnlLlw). 
i=l 

This construction is functorial: let V and W be two vector spaces, / an endomorphism of 
V and g an endomorphism of W; let T : P — W, such that g o F = F of. Then T(F) is a 
morphism of Zinbiel-PreLie bialgebras from T(y,f) to T(W,g). 

Proposition 5 Let ^ be a preLie product on (T{V), 111, A), making it a Com-PreLie bialge¬ 
bra, such that for all k,l 

blacklozengeV®^ C _ There exists a f e End{V), such that {T{V), LLI,f, A) = T{V,f). 

Proof. Let / = fT{v)- We denote by • the preLie product of TfV, /). Let us prove that for 
any x = xi... Xk,y = Hi ■■■ yi G T{V), x • y = x^y. If A; = 0, we obtain 1 • y = l^y = 0. We 
now treat the case / = 0. We proceed by induction on k. It is already done for k = 0. If fc = I, 
then X G V and x • 1 = /(x) = x^l. Let us assume the result at all ranks < k, with k > 2. 
Then, as the length of x' andx" is < k: 

A(x • 1) = x^^^ (8* x^^^ *1-1- x^^^ • 1 (8> x*-^^ 

= l(8)x«l-|-x'«l(8)l-|-x'(8)x"»l-|-x(8)l(8)l 
= 1 X • 1 -|- x'fl ® 1 -|- x' (8> x"^l -|- X 1 (8) 1 
= A(x^l) + {x • y — x^y) (8>l + l(8)(x«y — x^y). 

We deduce that x • I — x^l is primitive, so belongs to V. As it is homogeneous of length k > 2, 
it is zero, and x • 1 = x^l. 

We can now assume that k,l > 1. We proceed by induction on k -\-1. There is nothing left 
to do for k -\-1 = 0 or 1. Let us assume that the result is true at all rank < k-\-1, with k -\-1 > 2. 
Then, using the induction hypothesis, as x' and x" have lengths < k and y' has a length < 1: 

A(x •y) = l(8)x«y-|-x'(8)x''»y-|-x(8il»y + x«l(8)y + x'«l(8) x'^LLIy -|-l«l(8xLLIy 

-\- X • y 1 -\- x' • y 0 x" -\- 1 • y x -\- X • y' ^ y" -\- x' • y' x"Illy" + 1 • y' xllly" 

= l0x»y-t-x'(8) x"4y -|- x 0 l^y + x^l 0 y -|- x'^1 0 x"LLIy -|- !♦! 0 xLLIy 

-|- X • y 0 1 -b x'^y 0 x" -\- I4y 0 x -b x^y' 0 y" -b x'^y' 0 x"LLIy" -b l^y' 0 xlily" 

= A(x4y) -b (x • y — x4y) 0 -bl 0 (x • y — x4y). 

We deduce that x • y — x^y is primitive, hence belongs to V. As it belongs to and 

A; -b Z > 2, it is zero. Finally, x • y = x^y. □ 
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Proposition 6 The Com-PreLie bialgebras T{V,f) andT{W,g) are isomorphic if, and only 
if, there exists a linear isomorphism F : V —)■ W, such that g o F = F o f. 

Proof. If such an F exists, by functoriality T(F) is an isomorphism from T{V, f) to T{W, g). 
Let us assume that (f : T{V,f) — T{V,g) is an isomorphism of Com-PreLie bialgebras. Then 
(/>(!) = 1, and (j) induces an isomorphism from V = Prim{T(V)) to W = Prim{T{W)), denoted 
by F. For all x € P: 


4>{x • 1) = </>(/(x)) = F o f{x) = F{x) •! = g o F{x). 


So such an F exists. 


□ 


2.2 Com-PreLie algebra attached to a linear form 

Let P be a a vector space, / : P —K be a linear form, and A E K. 

Theorem 7 Let • be the product on T{V) such that for all xi ,..., Xm, Hi, ■ ■ ■ ,yn S P- 

n-l 

Xi...Xm»yi---yn = '^ A*/(xi)/(yi). . . f{y-i)X2 ■ ■ ■ Xm^yi+i ...yn- 
i=0 

Then (T(P), 111,*) is a Com-PreLie algebra. It is denoted by T{V,f,X). 

Examples. If xi, X2, X3 E P, rc E T{V): 

xi • w = f{xi)w, 

X1X2 •w = xif{x2)w /(xi)(x2LLIrc), 

X1X2X3 • re = xiX 2 fix 3 )w + xi/(x2)(x3LLIrc) /(xi)(x2X3LLIt(;). 

In particular if xi = ... = x^, = yi = ... = = 2:: 

Lemma 8 Let x E P. IPe put f{x) = v and pL = A/(x). Then, for all m,n > 0 , in 
T{VJ,X): 

m+n—1 

j=m 

The proof of theorem [ 7 ] will use definition [ 9 ] and lemma [101 



Definition 9 Let d and (f be the linear maps defined by: 


d: 


T{V) 

1 


xi... x„ 


T{V) 

0 , 

/(Xi)x2 ...Xn, 


: 


T{V) 

1 

Xi . ..Xn 


T{V) 

0 , 

n—1 

^A7(x,).../{xi) Xj +1 ...Xn- 
1=0 


Lemma 10 1. For all u,v £ T{V): 

(a) d(M111x) = d(rr) 111X-|-Mill(9(x). 

(b) d o — (j){d{u)il\(l){v)) = d o (l){v)il\(j){u) — 4>{d{v) lU(f){u)). 


2. For allu£T{V,f,X): 

A o d{u) = (d (g) Id) o A{u), 


A o (f)[u) = ((/) (g Id) o A{u) -|-1 (g (f{u). 



Proof. 1. (a) This is obvious if m = 1 or u = 1, as <9(1) = 0. Let us assume that u,v are 
nonempty words. We put v = xu',v = yv', with x,y €V. Then: 

9(uLlJu) = d{x{u'\l}v) + y{u\llv')) 

= f{x)u'\llv + f{y)u\llv' 

= {f{x)u')[nv + uin{f{y)v') 

= 5(ii)LlJu + ttLlJ(9(u). 

1. (b) Let us take u = xi... Xm and y = yi be two words of T(P) of respective lengths 
m and n. First, observe that (/>(9«LLJ(/>(u)) is a linear span of terms: 

^ ^ ^ f{xi)f{yi)... f{yj)xi+i ... Xm'dlyj+i ...ym, 
with 1 < i < m, 0 < j < n, (i,j) ^ (0,0). Let us compute the coefficient of such a term: 


• If y < n, it is 

p=0 

n—l 

• If j = n, its is yy 

p=0 

We obtain: 


i — 1 + j — p 
i - 1 

i — I + j — p 
i — 1 




i+j-l 

E 

p=i—l 

i+j-l 

- E 

p=i 


p 

i - 1 

p 

i - 1 


i + j 
i 

i+j-l 

E 

p=i—l 


p 

i — l 


- 1 = 


i + j 


- 1 . 


f{xi)... f{xi)f{yi)... f{yj)xi+i... XmLLIyj+i... 


(f){du\l\(j){v)) = EE yi+j-l 

i=l j=0 
m—1 

- ^ V(a:i) • • • f{xi)f{yi) ... f{yn)xi+i ■■■X. 


2=1 


- fix,). . . fiXm)fiyi) . . . fiyn) 

\ m J 

m n / ■ I -X 

= EE Y+j j/(xi).../(xi)/(yi).../(yj)xi+i...XmLLIyj+i...yn 

i=i j=i A ^ / 

m 

+ A*“V(a^i) • • • f{xi)xi+i ... XmLUyi... y^ 

2 = 1 
m—1 

- A*+’^"V(a;i) • • • fixi)fiyi) ■ ■ ■ fiyn)Xi+l ...Xm 
2=1 

- fix,) . . . fiXm)fiyi) . . . fiVn). 

\ m J 


Moreover: 


m n—l 


-ih + j 


d o (/)(ri)LLI(/>(u) = EE yi+j-l 

i=, j=0 

m—1 n—l , . 

i-ih + j 


fix,)... fixi)fiy ,)... fiyj)xi+, ... Xm Ulyj+I ■■■yn 


fix,)... fixi)fiy ,)... fiyj)xi +,... XmLUyj+i ■■■yn 


= E E 

2=1 j = l 
n—l 

+ y]A^+™"V(a;i)• • • fixm)fiyi) ■ ■ ■ fiyj)yj+, ■■■yn 
1=1 
m 

+ y^ A*“V(a^i) • • • fixi)xi +,... XmLLIyi... yn- 
2=1 
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Hence: 


d o (l){u)\l}(j){v) — (j){du\l}(j){v)) 

m—1 n—1 


i=l j=l 


-I n + J 


f{xi)... f{xi)f{yi)... f{yj)xi+i... XmLilyj+i ■■■yn 


m n / ■ _|_ A 

-EE X-+3 1 /* ,^\f{xi)...f{xi)f{yi)...f{yj)xi+i...xm\^^yj+i...yn 

i=i j=i ^ ^ 

+ h + fix,). . . fiXm)fiyi) . . . fiyn) 

\ m J 

n—1 

+ ^ X>^'^~^fixi)... fixm)fiyi) ■ ■ ■ f{yj)yj+i ...yn 


m—1 


+ ^ ^f{xi)... fixi)f{yi)... f{yn)xi+i...: 


2=1 


The three hrst rows are symmetric in u and v, whereas the sum of the fourth and fifth rows is 
symmetric in u and v. So d o (j)iu)[U(j)iv) — (^(9nLJJ(/>(u)) is symmetric in u and v. 

2. Let us take u = x,... Xn, with x,,... ,Xn GV. Then: 

n 

A O 5(u) = f{xi) '^X 2 ...Xi® Xi+i ...Xn 
2=1 
n 

= ^ 5(xi . . . Xj) (g) Xj+l ...Xn + 5(1) (g) Xl ... 


2=1 

n 


= ^ 5(xi . . . Xi) g> Xj+I ...Xr. 
i=0 

= (5 (g) Id) o A(?x). 

Moreover: 

n—1 

A o (/)(ri) = ^ X'fixi)... /(xi)A(xi+i ...Xn) 


i=0 

n—1 n 

EE X'fixi) . . . /(Xj)Xi+l ...Xj® Xj + l ...Xn 

i=0 j=i 
n j 

EE X^'fixi) . . . f{Xi)Xi+i ...Xj® Xj+I ...Xn- A”/(xi) . . . fixn) ® 1 

j=0 i=Q 

n n—1 

4>ixi . . . Xj) ® Xj+i ...Xn + '^ X^fixi) . . . f{Xj) ® Xj+i ...Xn 
j=0 j=0 

n / n—1 

(pixi... Xj) ® Xj+l ...Xn-Il® X^fixi). . . fiXj)Xj+l ... a 


j=0 


J=0 


= i4> ® Id) o A(u) -|- 1 :g) (/)(u). 


Proof. (Theorem [T]). By definition, for all u,v G I"(V): 

u • V = d(u)LU(f(v). 


□ 
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Let u,v,w G T{V). By lemma fTOl-l: 


(wLLIu) *10 = 5(txLLIf)LLI(/>(te) 

= 5(tt)LLIuLLI(/>(t(;) + nLLI9(u)LLI(?!)(Ti;) 
= 5(w)LLI(/>(t(;)LLIt' + tiLLI9(u)LLI(?l(ui) 
= (n • w) LLIu + u m {v • w). 


Moreover: 

(u • v) • w — u • {v • w) = (5(tt) LLI(/>(r;)) • w — u» (5(r;) LLI(/>(re)) 

= 9(9(rt) LLI(/>(f)) LLI(/>(t(;) — 5(ti) LLI(/>((9(f) LJJi^(te)) 

= (9^(n) LLJi;/)(u) LLI(/>(t(;) + d{u) LLI (5 o cj){v)\114>{w) — (j){d{v)\ll(j){w))). 

By lemmafTIIl-2. this is symmetric in v and w. Consequently, T{V,f,\) is Com-PreLie. □ 

This construction is functorial. Let (1/, /) and (W, g) be two spaces equipped with a linear 
form and let F : 1^ —)• VL be a map such that g o F = f. Then T{F) is a Com-PreLie algebra 
morphism from TiV, f, A) to T{W, g, A). 

Proposition 11 (coS{V), Lil,«,A) is a Com-PreLie bialgebra, denoted by coS{V, f, X). 

Proof. Let us first prove that coS{V) is stable under •. It is enough to prove that it is stable 
under d and cf). Let us first consider d. As it is a derivation for 111, it is enough to prove that 
d{V) C coS{V), which is obvious as d{y) C K.. Let us now consider (p. Let xi ,... ,Xk & V■ 

4 >{xi 111 ... Ulxfc) = E 4^(,^a{l) • • • ^a[k)') 

k-1 

^ ^ ^ ^ M / (^(t( 1)) • • • / (^f7(2) )^f7(2 + l) • • • ^a(k) 

2=0 aG&k 

k — 1 i 

= d/r* ]^/(xfcJxiLllf^i 111 ... 111x^,111 ... Ulxfc. 

i=0 l<ki<...<ki<k j=l 

This is an element of coS{V), so coS{V) is stable under •. 

Let us prove now the compatibility between • and the coproduct of coS{V). As coS{V) is 
cocommutative, lemma fTOl implies that for all u G coS{V)'. 

A o d{u) = ® (g) ® 

Let us consider u,v (z coS{V). Then, by lemma (TO) 

A(u •v) = A((9(u) LLI(?!)(x)) 

= (A o cl(n))lll A o (p{v) 

= (A o clu)lll(<h(x*'^^) (g) -hi® 4>{v)) 

= 9(u*'^^)Lll<I>(r;*'^^) (g 1111 (g) LLI(/)(x) 

= (g) ® • V. 

So coS{V) is a Com-PreLie bialgebra. □ 

Note that fcoS{V,f,X) — 0- The preLie product induced on Prim{coS{V)) = P is given by 
x-ky = f{x)y. 
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Corollary 12 Let V be a vector space, f & V*, A G K. We give S{V) its usual product m 
and coproduct A, defined by A (v) = v 0 1 + 1 (S' f for all v , and the product • defined by: 

1 . 1 • X = 0 for any x G <5(1^). 

2 . X • xi ... Xfc = E |/|!Al"l/(x)n/(x,) n Xi, for all x,xi,... ,Xk G V. 

iGl 

k 

3. xi ... Xfc • X = xi ... (xj • x)... Xfc for any xi,..., x^ G C, x G S{V). 

i=l 

Then {S{V),m,», A) is a Com-PreLie bialgebra, denoted by S{V,f,X). 

Proof. There is a Hopf algebra isomorphism: 

^ f (5(P),m,A) ^ (co5(P),m,A) 

'1 X G P —>■ V. 


Let X, xi,..., Xfc G P. 

9{v) • 0(xi... Xfc) = X • xi LLI ... LUxfc 

= /(x)LLI(/)(xiLlJ ... LLIxfc) 

k—1 i 

= f{v)'^ i!/r*]J/(xfcJximx^jlll ... LLIx^^LLI ... LLIxfc 

l<ki<...<ki<k j=l 

= ^i Y1 

ie/ 

Therefore, as coS{V) is a Com-PreLie algebra, S{V) is also a Com-PreLie bialgebra. □ 

Proposition 13 Let us assume that / 7 ^ 0. Then: 

1. {T{V), -<,•) is a Zinbiel-PreLie algebra if, and only if, dimiV) = 1. 

2. {Tiy), 111 ,*, A) is a Com-PreLie bialgebra if, and only if, dim{V) = 1. 

Proof. 1. Let y £ V, such that f{y) = 1. Note that y 7 ^ 0. Let x G P, such that 

/(x) = 0. Then: 



(x P y) •y = xy •y = /(x)yLLIy = 0, 

{x»y) P y + X ^ {y •y) = f{x)y <y + x< f{y)y = 0 f{y)x <y = xy. 

As T{V,f,X) is Zinbiel-PreLie, xy = 0. As y 7 ^ 0, x = 0; we obtain that / is injective, so 
dimiy) = 1 . 

1. We use the notations of lemma | 8 j It is enough to prove that for all k,l,m > 0, 

(x^ ^ x^) • X™ = (x^ • x™) ^ x^ -|- x^ -< (x^ • x™'). 

k-\-l-\-m—l 

(x^ ^ x^ X™ = A ^ ^k+i+^-j-i 

j=k+l 


\k 1 — 1J \ k — 1 ) 


12 


and: 


(x^ . X™) ^ x' + x'^ ^ (x' . x^) 


k+m—1 

= A ^ 

j=k 


J 

k-l 


-< X 


l+m—1 

'+>' E 

j=i 




l+m—l—j 


3 

k-l 


X -< x-' 


k+m—1 

= A ^ 

j=k 


3 

k-l 



3 

k-l 




k+l+m—l 

= A ^ ^fc+z+m-i-i 

j=k+l 


3-1 

k-l 



k+l+m—l 

+ A Y1 

j=k+l 



3 - 1 
k-l 


X-' 


Moreover, a simple computation proves that: 

j-l\( j-l \ /j-k\fj-l\^f j \fk + l-l 
k-lj\j-l-lj \l-lj\k-lj \k + l-lj\ k-l 

So T{V,f,X) is Zinbiel-PreLie. 

2. Let us choose z (zV, nonzero, and x £V such that /(x) = 1. Then: 

A(xy • z) = A(/(x)y LLIz) = xy»z^l + li^xy»z + yi^z + zi^y, 


whereas: 

{xy)^^^ ( 8 ) {xyY'^^ • z + {xyY^^ • z^^'^ ® 

= xy®l^z + x®yz + l®xyz 

+ xy z ® I + xy I ® z + X • z ® y + X • I ® yUlz + I • z ® xy + I • I ® xylUz 
= xyz®l + l®xyz + f{y)x ^ z + z 0 y. 

So, for all y € V, f{y)x 0 z = y 0 z. As z 7 ^ 0, f{y)x = y. V = Vect{x) is one-dimensional. 

In this case, T{V) = coS{V), so is a Com-PreLie bialgebra. □ 

Proposition 14 The Com-PreLie bialgebras coS{V,f,X) and coS{W, g, y,) are isomorphic 
if, and only if, one of the following assertion holds: 

1. dim{V) = dimiyV), and f and g are both zero. 

2. dim{V) = dimiyV), X = y and f and g are both nonzero. 

Proof. If dim{V) = dim(W), and / and g are both zero, then • = 0 in both these Com- 
preLie bialgebras. Take any linear isomorphism F from V to W, then the restriction of T{F) as 
an algebra morphism from coS{V) to coS{W) is an isomorphism of Com-PreLie bialgebras. 

If dimiy) = dim{W), X = y and / and g are both nonzero, there exists an isomorphism 

F : V —S' W such that g o F = f. By functoriality, T{V, /, A) and T{W, g, A) are isomorphic via 

T{F). The restriction of T{F) induces an isomorphism from coS{V,f,X) to coS'(IT, y, A). 

Let us assume that f : coS{V,f,X) —>■ coS(W, g, y) is an isomorphism of Com-PreLie bial¬ 
gebras. It induces an isomorphism from Prim{coS{V)) = P to Prim{coS{W)) = W, denoted 
by F: consequently, dimiy) = dim{W). Let us choose y € P, nonzero. For all x € P: 

yx • y) = yf{x)y) = f{x)F{y) = (j){x) • ffy) = F{x) • F{y) = go F{x)F{y). 


13 



As F is an isomorphism, for all x £ V, f{x) = g o F{x). So / and g are both zero or are both 
nonzero. Let us assume that they are nonzero. We choose x £V, such that f{x) = 1. Then: 


Hence: 




a;LUx \ ^ (j){x)U](j){x) ^ ^^^^2 
2 y 2 


(f){x) • (j){x‘^) = F{x) • F{x)‘^ (f){x • x^) = (j){f{x)x‘^ + Xf{x)‘^x) 

= g o F{x)F{x)‘^ + gg ° F{x)‘^F{x) = F{x)‘^ + XF{x). 

= F{x)‘^ + gF{x). 


As X 7 ^ 0, F{x) ^ 0, so X = g. 


□ 


2.3 Com-PreLie algebra associated to a preLie algebra 

Theorem 15 Let (H, *) be a preLie algebra. We define a product on T(y) by: 

k 

xi...xk»yi...yi = '^xi... xi-i{xi-kyi){xi+i. ..xi[l}y 2 ■ -.yi), 

i=l 

for all xi,... ,Xk,yi, ■ ■ ■ ,yi G V; by convention, this is equal to 0 if k = 0 or I = 0. Then 
(T(H),A) is a Zinhiel-PreLie bialgebra, denoted by T(y,-k). 

Examples. Let xi,X 2 ,xz,y £V, w £ T{V). 

xi • yw = (xi * y)w, 

xiX 2 •yw = (xi -ky){x 2 UJw) + xi{x 2 -ky)w, 

X 1 X 2 X 3 •yw = {xi *y)(x2X3LLIrc) + xi(x2 * y)(x3 Hire) + xiX2(x3 * y)rc. 

Proof. First, remark that for all x,y £V, for all u,v £ TfV): 

XU • yv = {x -k y)u\A}v + x{u • yv). 

Let us prove that for all a,b,c £ T{V), {a ^ b) • c = {a • c) ^ b + a ^ {b • c). This is obvious if 
one of a, b, c is equal tol, asl»(i = d»l = 0 for all d. We now assume that a, b, c are nonempty 
words of respective lengths k, I and m, and we proceed by induction on k + I + m. There is 
nothing to do if A: + / + m < 2. Let us assume the result at rank k + I + m — 1. We put a = xu, 
b = V, c = zw, avec x,z £ V. 

{xu -< v) • zw = (x(ttLLIx)) • zw 

= x-k z{u lilxlilrc) + x((uLLI v) • zw) 

= xk 2 ;(iiLLIxLLIrt;) + x((u • zw)\l}v + ttlil (x • zw)) 

= {xk 2:(ttLLIu;)) ^ X + x{u • zw) -< v + xu ^ {v • zw) 

= {xu • x) ^ zw + XX ^ (x • zw). 

Let us now prove that for all a,b,c £ T{V), a • {b • c) — {a • b) • c = a • {c • b) — {a • c) • b. 
If one of a, b, c is equal to 1, this is obvious. We now assume that a, b, c are nonempty words of 
respective lengths k, I and m, and we proceed by induction on k + I + m. There is nothing to 
do if A + / + m < 2. Let us assume the result at rank k + I + m — 1. We put a = xu, b = yv, 
c = zw, avec x,y,z £ V. 

{xu • yv) • zw = {xk y(xLLIx)) • zw + {x{u • yv)) • zw 

= {xky) k 2:(xLLIxLLIrx) + x * ?/((xLLIx) • zw) 

+ X * z{{u • ?/x) LLIrx) + x{{u • yv) • zw)] 
xu • {yv • zw) = xu^ {yk 2;(xLLIrx) + y{v • zw)) 

= xk {yk 2;)xLLIxLLIrx + xx • (y ★ 2:(xLLIrx)) 

+ X ★ y(xLLI (x • zw)) + x(x • y{v • zw)). 
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Hence: 


{xu • yv) • zw — xu» {yv • zw) = ((x -ky)-kz — x-k(y-k 2 ;))(ttLlJxLlJit;) 

+ X * y((itLlJx) • zw) + X -k z{{u • yv)[l}w) 

+ x((u • yv) • zw — u • {yv • zw)). 

As * is preLie and HI is commutative, the first row is symmetric in yv and zw. The second row 
is obviously symmetric in yv and zw,siid by the induction hypothesis, the last row also is. So 
the preLie relation is satisfied for xu, yv and zw. 

Let us prove the compatibility with the coproduct. Let a,b £ T{V). Let us prove that: 

A(a •b) = ® • 6 + • b^^^ 0 

This is immediate if a or 6 is equal to 1. We now assume that a and b are nonempty words 
of respective lengths k and I, and we proceed by induction on k + 1. There is nothing to do if 
k + I < 1. Let us assume the result at rank /c + / — 1. We put a = xu and b = yv, x,y £V . 

A{xu • yv) = A(x * y(iiLLIx) + x{u • yv)) 

= (xk y)u^^^ LUv^^^ 0 + 1 (8) X * y(ulllv) 

+ xu^^^ 0 u^^^ •yv + x(u^^^ • yv^^^) 0 
+ xu*-^^ • 1 <8: u^^'^ LLlyx + 1 <8: x(u • yv) 

= xu^^'^ 0 • yv + 10 XV yv 

+ (x * y)u^^^ LLIu*'^^ 0 
= (xtt)*-^^ <8i •yv 

+ • {yv)^^^ 0 {xu 


So T{V,k) is indeed a Zinbiel-PreLie bialgebra. □ 

This is also a functorial construction. If F : {V,k) — {W,k) is a preLie algebra morphism, 
then T{F) is a Zinbiel-PreLie algebra morphism. 

Note that fT(V,*) — 0- The preLie product induced on Prim{T{V)) = H is given by *. 

Proposition 16 Let ^ be a product on T{V), such that {T{V), HI,*, A) is a Zinbiel-PreLie 
bialgebra, with C y®{k+l-i) Jqj. q,// G N. There exists a preLie product k on y , 

such that {T{V),^, 
blacklozenge, A.) = T{y,k). 

Proof. By hypothesis, V^V CP: P is a preLie subalgebra of T{y). We denote its preLie 
product by k, and by • the preLie product of T(P, *). Let us prove that for any x = xi ... Xk,y = 
yi .. .yi £ Tiy), x^y = x^yl. If A: = 0, we obtain l»y = I' •y = 0. We now treat the case I = 0: 
let us prove that x^l = 0 by induction on k. It is already done for k = 0. If A = 1, then x € P, 
so x^l G IC by homogeneity. Moreover, e(x41) = 0, so x^l = 0. Let us assume the result at 
rank k — 1, with k >2. We put u = X 2 ... x^. Then: 

x^l = (xi P «)♦! = (xi^l) P u -b xi ^ = 0 -b 0 = 0. 

We can now assume that k,l > 1. We proceed by induction on k + 1. There is nothing to do 
for A: -b ^ = 0 or 1. If A: -b ^ = 2, then A = / = 1, and x^y = xky = x^y. Let us assume that the 
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result is true at all rank < k + l, with k + l >3. Then, using the induction hypothesis, as x' and 
x” have lengths < k and y' has a length < 1 : 

A(x •y) = 1 ® X • y + x' ® x” • y + X ® 1 • y + X • \ ® y + x' • 1 ® x”Uly + 1 • \ ® xUly 

+ X • y ® 1 + x' • y ® x" + 1 • y ® X + X • y' ® y" + x' • y' ® x"\l\y" + 1 • y' ® x\l\y'' 
= l®x*y + x'® x"^y + X (8> Ify + xfl ®y + x'^1 0 x"lUy + !♦! (8) xLLIy 
+ X • 2/ (g) 1 + x'^y (g) x" + (g) x + x^y' (g) y" + x'^y' (g) x"\l\y'' + !♦?/' (g) xlil?/" 

= A{x^y) + {x •y - x^y) (g) +1 (g) (x • y - xfy). 

We deduce that x • y — x^y is primitive, so belongs to V. As it belongs to and 

A: + / — 1 > 2, it is zero. So x • y = x^y. □ 

Proposition 17 1. Let {V,-k) and (y',-k') be two preLie algebras. The Com-PreLie bial¬ 

gebras T(y,-k) and T(y',-k') are isomorphic if, and only if, the preLie algebras (P, *) and 
are isomorphic. 

2. Let {V,P) be a preLie algebra and g : W —W be an endomorphism. The Com-PreLie 
bialgebras T{V,-k) and T{W,g) are isomorphic if, and only if, dim{V) = dimiW), * = 0 
and / = 0. 

Proof. 1. li F : V —)■ V' is a preLie algebra isomorphism, by functoriality, T{F) is an 
isomorphism from T{V,F) to T{V',-k'). Let us assume that (f : T{V,-k) — T{V',-k') is an isomor¬ 
phism. It induces by restriction an isomorphism F from Prim{T{V)) = P to Prim{T{V')) = V'. 
Moreover, for all x,y G V: 

(/)(x • y) = (/)(x-ky) = F(x *y) = </>(x) • 0(y) = F(x) • F{y) = F(x) F{y). 

So (P, *) and (P',V) are isomorphic. 

2. If dim{V) = dim{W), * = 0 and / = 0, then both preLie product of T{V,-k) and T(IP,y) 
are zero. Let F : V —)■ IP be an isomorphism. Then T{F) is an isomorphism from T{V,-k) to 
T{W,g). Conversely, if cj) : T{V,-k) —> T{W,g) is an isomorphism, it induces an isomorphism F 
from Prim{T{V)) = P to Prim{T{W)) = IP. As 0(1) = 1, for all x G P: 

4>{x • 1) = 0 = 4>{x) • 0(1) = F{x) •! = g o F{x). 

As F is an isomorphism, y = 0, so the preLie product of T{W,g) is zero. By isomorphism, the 
preLie product * of T{V,-k) is zero. □ 


3 Examples on ]K[X] 


Our aim in this section is to give all preLie products on IC[A], making it a graded Com-PreLie 
algebra. We shall prove the following result: 

Theorem 18 1. The following objects are Zinbiel-PreLie algebras: 

(a) Let N > 1, X,a,b ^K, a ^ 0, 6 0 Z_. IPe put (A^, A, a, 6) = (IK[X] ,m,»), with: 


A* • 


'zAA* ifj = 0, 

< zfj^O and N \ j, 

0 otherwise. 
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(b) Let N >1, X,fieK, fi^O. We put g(2) (jy, a, /i) = (K[X] , m,«), with: 


X* •X^ = I 


iXX^ ifj = 0, 
ipLX^+^ if j = N, 
0 otherwise. 


(c) Let X > 1, A, // € K, // 7 ^ 0. We put A, fi) = (]K[X], m, •), with: 


X* •X^ = I 


zAX* ^fj = 0, 

z//X*+'^ if j 7 ^ 0 and N \ j, 

0 otherwise. 


(d) Let A € K. VFe put g(^)(A) = (]K[X] , m,«), with: 

X* • X^' = 


iAX* ifj = 0, 
0 otherwise. 


In particular, the preLie product of g^^\0) is zero. 

2. Moreover, if • is a product on ]K[X], such that g = (]K[X],m, •) is a graded Com-PreLie 
algebra, Then g is one of the preceding examples. 

Remark. If A = |, in g(^)(X, A, a, 6 ), for all i,j € N: 

f ^ if X I j, 

X* • X^ = < N+^ 

I 0 otherwise. 

We put g(i)(X,a, 6 ) = ^,a,b). 

It is possible to prove that all these Com-PreLie algebras are not isomorphic. However, they 
can be isomorphic as Lie algebras. Let us first recall some notations on the Faa di Bruno Hopf 
algebra [ 2 ]: 

• QFdB has a basis (ei)j>i, and for all i,j > 1, [ei,ej] = {i - j)ei+j. 

• Let a € IK. The right g^^^-module has a basis Va = Vect{fi)i>i, and the right action of 
gpdB is defined by fi.Cj = {i + a)ei+j. 

Proposition 19 Let N >1, X, X', p.,a,b G IK, p, a 7 ^ 0, b ^ Z_. Then, as Lie algebras: 

g(i)(X,A,a, 6 )+ ^g(3)(X,A,M)+~ QFdB- 

Proof. We first work in g(^)(X, A, a, 6 ). For all i > 1, for all 1 < r < X — 1 , we put 

Af-l 

Ei = ^X^* and Then (Xi)i>i U |J is a basis of g^^\N, A, a, b)- 

and, for all i,j > 1, for all 1 < r, s < X — 1: 


r=l 


[x/^\x,] = (i + 


X ; 


Hence, this Lie algebra is isomorphic to (V n-i © ... © IL_j_ ) x gFdB- The proof is similar for 

\ N N J 

g(T(X, A',/r), with Ei = ^X^^ and 


□ 


Consequently, we can describe the group corresponding to these Lie algebras. 
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1- GpdB is the group of formal diffeomorphisms of K tangent to the identity: 

GpdB — {{^ + aiX‘^ + 02^^ + ... I 02, 02, • • • G IK}, o). 

2. For all a G K, we define a right G^T’^s-module V^: as a vector space, this is ]K[[X]]_j_. The 
action is given by P.Q = P o Q{X) for all P G Vq and Q G GpdB- 

Then the group corresponding to our Lie algebras A, o, 6)+ and A,/o)+ is: 

fv_ 2 _ 0 ... © V jv-i '} XI GpdB- 

\ N N J 

Let us conclude this paragraph with the description of the Lie algebra associated to gi^i (At, A, ji). 

Proposition 20 The Lie algebra gi^i(At, A,/i)+ admits a decomposition Q^‘^\N,X,p)p ~ 
yetv ^ where: 

• go is an abelian, one-dimensional, Lie algebra, generated by an element z. 

• V is a right QQ-module, with a basis {fi)i>o, and the right action defined by fi.z = fi+i- 
Proof. The Lie bracket of gi^i(At, A,/i)+ is given by: 

[X\ X^] = |o if i,j N, pLiX^+^ iiifiN,j = N. 

We put go = Vect{X^). The At-copies of V are given by: 

• For 1 < r < At, pi’’) = Vect JJ(r 0 jN)X''+^^ | f > 0 j . 

• p(tv) = Vect {pdNfii + 1)!A:(*+2)^ | i > O). 

□ 

3.1 Graded preLie products on ]K[X] 

We now look for all preLie products on 1K[X], making it a graded Com-PreLie algebra. Let • be 
a such a product. By homogeneity, for all i,j > 0, there exists a scalar Ajj such that: 

x^ • X^ = \i,jX^+P 

Moreover, for all i,j, k > 0: 

xi+j = Ai+J,fcA:*+^'+^ 

= {X^X^) • x^ 

= {X^ • 0 X\X^ • X^) 

= {\i,k + A,- 

Hence, Xi+j^k = \,k + ^j,k- Putting Xk = Ai^^ for all A: > 0, we obtain: 

a :* • X^ = iXjX^+fi 

Lemma 21 For all k > 0, let A^ G K. ITe define a product • on ]K[X] by: 

x^ • X^ = iXjX^+fi 

Then (]K[X],m, •) is Com-PreLie if, and only if, for all j,k > 1: 

{j^k kXfiXjpk — {j A;)Ajr'Afc. 
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Proof. Let i,j,k > 0. Then: 

X' . {X^ . X^) - (X* . X^) . X^ = {ij\kXj+k - i{i + j)A,Afc)X*+^+^ 


Hence: 


• is preLie Vi, j, /c > 0, ijX^Xj+k — *(* + j)XjXk = ikXjXjj^k — + k)XjXk 

Vj, > 0, (jA/, - kXj)Xj^k = (j - k)XjXk 

^ ^ 1? )Aj(j k^XjX]^^ 

as this relation is trivially satisfied if j = 0 or A: = 0. □ 


Lemma 22 Let • be a product on IK[X], making it a graded Com-PreLie algebra. Then 
(]K[X],^,«) is a Zinbiel-PreLie algebra. 


Proof. Let us take i,k,k > 0, (i,j) ^ (0,0). Then: 


(X* • X^) ^ X^' + X* ^ {X^ • X^) 


(X* ^ X^)»X^ 


Afc(zX*+'= ^ X^ + jX* ^ X^+'=) 


^ / i{i + k) ij A 
^ \i + j + k i + j + k) 

iAfcX*+^+^ 




(^ + j)AfcT^X*+^■+^ 
i + j 

X*+^' • X^ 

z + j 

-^{i + j)X,X^+^+>^ 

z + j 

iAfcX*+^+^ 


So ]K[X] is Zinbiel-PreLie. 


□ 


Proof. (Theorem [TSl first part). Let us first prove that the objects defined in theorem fTHl are 
indeed Zinbiel-PreLie algebras. By lemma J22l it is enough to prove that they are Com-PreLie 
algebras. We shall use lemma [21] in all cases. 


1. For all j > 1, Xo = a A if X I j and 0 otherwise. If j or k is not a multiple of N, then: 

j^+b 

(.j Xk kXj^Xjj^k (j k)XjXk 0. 

If j = Nj' and k = Nk', with j', k' integers, then: 

{jXk - kXj)Xj+k = Na^ J^VTb 

^ 2 f^-k'^+b{f-k') 

{j' + b){k' + b){j' + k' + h) 

— \T “if ■' I f\ j' + k' + b 

= (j - k)XjXk. 
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2. In this case, Xj = fi if j = N and 0 otherwise. Hence, for all j. A: > 1: 

(jAfc - kXj)Xj^k = — k5j^N)Sj+k,N = 0 , 

{j k'jXjXk — /r (j k^)^j,N^k,N — 0 . 

3. Here, for all j > 1, Xj = fi if N \ j and 0 otherwise. Then: 


{j^k kXj^Xjj^k 


ix^{j - fc) if iV I j,k, 


(j - k)XjXk = 


0 otherwise; 

4. In this case, for all j > 1, Aj = 0 and the result is trivial. 


li^{j - A:) if I j. A:, 
0 otherwise. 


□ 


3.2 Classification of graded preLie products on K[X] 

We now prove that the preceding examples cover all the possible cases. 


Proof. (Theorem [TSl second part). We put X* • = iXjX^^^ for all i,j > 0, and we put 

A = Aq. If for all j > 1, Xj = 0, then g = g(^)(A). If this is not the case, we put: 

N = min{j > 1 | Aj / 0}. 

First step. Let us prove that if i is not a multiple of N, then Aj = O.We put i = qN + r, with 
0 < r < N, and we proceed by induction on q. By definition of A^, Ai = ... = Aat-i = 0, which 
is the result for q = 0. Let us assume the result at rank q — 1, with g > 0. We put j = i — N 
and k = N. By the induction hypothesis, Xj = 0. Then, by lemma [2U 

(z — N)XNXi = 0. 

As i N and Atv 7 ^ 0, Aj = 0. It is now enough to determine Ajtv for alH > 1. 


Second step. Let us assume that X 2 N = 0. Let us prove that A^at = 0 for all z > 2, by 
induction on z. This is obvious if z = 2. Let us assume the result at rank z — 1, with z > 3, and 
let us prove it at rank i. We put j = {i — 1)N and k = N. By the induction hypothesis, Xj = 0. 
Then, by lemma [211 

(z — 2 )NXj\iXiN = 0. 

As z > 3 and Xm / 0, Ajat = 0. As a conclusion, if X 2 N = 0, putting p. = Aat, g = X, p). 


Third step. We now assume that X 2 N 7 ^ 0. We first prove that XiN 7 ^ 0 for all z > 1. This 
is obvious if z = 1,2. he result at rank z — 1, with z > 3, and let us prove it at rank i. We put 
j = {i — 1)A^ and k = N. Then, by lemma [211 


{j^N — NXj)XiN = {i — 2)NXjXN- 

By the induction hypothesis, Xj 7 ^ 0. Moreover, z > 2 and Aat 7 ^ 0, so XiN 7 ^ 0. 


For all j > 1, we put pj 
that: 


^kN , 

Xn 


this is a nonzero scalar, and pi 


1. Let us prove inductively 


^ _/f2_ 

(A: - 1) - (A: - 2)|U2 ’ 




If A; = 1 , |Ui = 1 = and /Z 2 7 ^ 0 as X 2 N 7 ^ 0; if A; = 2, /Z 2 = i-o^^ ■ assume the 

result at rank A: — 1, with k > 3. By lemma [^ with j = {k — 1)N and k = N: 


{{k — 1)NXn — XNPk-i)^NFk = {k — 2)Npk-ipiX%, 

Pk{k - 1 - pk-i) = {k- 2)pk-i. 
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As //fc-i 7^ 0 and k > 2, k — 1 — ^k-i 7^ 0. Moreover, by the induction hypothesis: 


k — 1 — /ifc-i = k — 1 — 


f ^2 


{k — 2) — {k — 3)/U2 
{k - 1)(A: - 2) - {{k - l){k - 3) + 1)^2 


= {k-2) 


{k -2) - {k — 3)fi2 
(k-l) - {k- 2)fi2 


As this is nonzero, fj .2 7^ 'k^- finally obtain: 


l^k — {.k 2')fii^_i 

Finally, for all /c > 1: 

AfcAT = 


{k -2) - {k — 3)/U2 ' 
tain: 

1 {k-2)-{k- 3)^2 


^^2 


k — 2{k — 1) — {k — 2)|U2 {k — 1) — {k — 2)^2 

^Nk‘2 ^Nk‘2 


{k - 1) - {k - 2)|U2 (1 — fJ‘2)k + 2/i2 - 1' 

Last step. If /U 2 = 1; then for all k > 1, A^jv = ^N- this is A, Xn)- If 1^2 1, we put 


T _ 2112-1 

^ ~ 1-M2 ■ 

• As /i 2 7 ^ 0, 6 / -1; 

• M-2; 

• for all k > 3, p .2 7 ^ so b —k. 

This gives that b ^ Z_. Moreover, for all A: > 1: 


^Nk-2 
^ _ 1-A12 

- —h- 


We take a = ^-nd we obtain A, a, b). 


□ 


Proposition 23 Among the examples of theorem [7^ the Com-PreLie bialgebras (or equiva¬ 
lently the Zinbiel-PreLie bialgebras) are 1, a, 1) for all a 0 and (0). 

Proof. Note that gi^i(l,0,1) = 0 i^i(O). Let us first prove that 0 ( 1 ,a, 1) is a Zinbiel-PreLie 
bialgebra for all a G K. Let us take V one-dimensional, generated by x, with / = aid. We work 
in T{V, /). Let us prove that = aby induction on k. It is obvious if A: = 0, as 

i^-i) — 0- het us assume the result at rank A: — 1. 




= a 


= a 


k + I — 1 
k-l 


+ 


k + I — 1 
k-l 


^k+l 


k + l 
k-l 


..k+l 


The Zinbiel product of T{V) is given by: 




for all A:, / > 1. There is an isomorphism of Hopf algebras: 

0 : 


K[X] 

A 


T{V) 

X. 


21 













For all n > 0, Q{X^) = = nlx^. For all k,l>0: 

e(x‘).e(x') = oQ 

Consequently, g(^)(l,a, 1) is isomorphic, as a Zinbiel-PreLie bialgebra to T{V,f) (so is indeed a 
Zinbiel-PreLie bialgebra). 


0(x^) ^ e{x^) = 


k-1 J 


Let g be one of the examples of theorem 1181 First: 

A{X •X) = X'S)l»X + l(E)X»X 

+ X»X^1 + X»1^X + 1»X0X + 1»1^X'^ 

Ai(l ® + 2X ® X + 0 1) = All ® + AX (g) X + AiX^ o 1. 

This gives A = 2Ai. In particular, if g = g*'^^(A), then A = 2Ai = 0: this is g^^^(O). In the other 
cases, N exists. By definition of X, X • X^ = 0 if 1 < k < N — 1. We obtain: 

A(X • X^) = l®X.X^ + X(8)l.X^ + ^f^j(X.X'=® X^-^ + 1 • X^ ® ^n-fc+i^ 

k=0 ^ ' 

AjvA(X^+^) = 1®X.X^ + AX0X^ + 1(8)X. X^. 

If A = 0, we obtain that X-^^^ is primitive, so X + 1 = 1: absurd, X > 1. So A 0. The 
cocommutativity of A implies that X = 1. 

A(X • X^) = A2(X3 (g) 1 + 3X2 (g) X + 3X (g) X^ + 1 (g) X^) 

= 1 (g) X • X2 + 2AiX2 ® X + AqX (g) x2 + 1 (g) X • x2 


Hence, 3 A 2 = 2Ai. 

• If g = g(3)(l,A,/r), we obtain 3^ 

• If g = g(2)(l,A,/r), we obtain 0 = 
So g = g(^)(l. A, a, 6). We obtain: 


= 2/r, so /r = 0: this is a contradiction. 
2/r, so fi = 0: this is a contradiction. 


2 + 6 


= 2 


a 

T+b' 


so 6 = 1. Then Aq = 2Ai = ^ = a = |, sog = g^^)(1, o, 1). 


□ 


4 Cocommutative Com-PreLie bialgebras 

We shall prove the following theorem: 

Theorem 24 Let A he a connected, cocommutative Com-PreLie bialgebra. Then one of the 
following assertions holds: 

1. There exists a linear form f : V —K and A € K, such that A is isomorphic to S{V, /, A). 

2. There exists A E K such that A is isomorphic to g^^^(l. A, 1). 

First, observe that if X is a cocommutative, commutative, connected Hopf algebra: by the 
Cartier-Quillen-Milnor-Moore theorem, it is isomorphic to the enveloping Hopf algebra of an 
abelian Lie algebra, so is isomorphic to SfV) as a Hopf algebra, where V = Prim{A). If 
V = (0), the first point holds trivially. 


22 






4.1 First case 

We assume in this paragraph that V is at least 2-dimensional. 

Lemma 25 Let A he a connected, coeommutative Com-PreLie algebra, such that the dimen¬ 
sion of Prim{A) is at least 2. Then /a = 0, and there exists a map F : A® A — A, such 
that: 

1. For all x,y G A^, x • y = F{x y')y" + F{x 0 l)y- 

2. For all xi,X 2 € A, F{xiX 2 ^ y) = F{xi 0 y)x 2 + xiF{x 2 <8) y)- 

3. F{Prim{A) (g) C K. 

Proof. We assume that A = S{V) as a bialgebra, with its usual product and coproduct A, 
and that dim{V) > 2. Let x,y gV. Then: 

A(x • y) = x»yi^l + li^x»y + fA{x) <8) y- 

By cocommutativity, for all x,y GV, fA{x) and y are colinear. Let us choose yi and y 2 G V, non 
colinear. Then fA{x) is colinear to yi and y 2 , so belongs to Vect{yi) fl V ect{y 2 ) = (0). Finally, 
fA = 0. 

We now construct linear maps Fi : V S^{V) —K, such that for all k > 0, putting: 

k k 

F(k) = 0 . 0 y ^ s\V) K, 

for all x,yi,... ,yk+i G V: 

X • yi... yk+i = F^^\x (8) (yi • • • yfc+i)0 <8) (yi • • • Vk+i)" + F^^\x <8i l)yi... yfc+i- 

We proceed by induction on k. Let us first construct F^^'i . Let x,y GV. 

A(x • y^) = l(8ix«y^-|-x«y^(8)l + 2x»y(8iy. 

By cocommutativity, x • y and y are colinear, so there exists a linear map g : V —K such that 
X • y = g{x)y. We the take F^^'l (x (g) 1) = y(x). For all x, y G F, x • y = F(x (g) l)y, so the result 
holds for k = 0. 

Let us assume that F^^'>, ■ ■ ■, are constructed for k >2. Let x, yi,..., y^ G V. For all 

I C [k] = {I,, k}, we put yj = fjyi- Then: 

iGl 


and: 


A(yi...yfc)= ^ yi®yj, 

IUj=[k],I,J^l 


(g) X • yi... yfc + X • yi... yfc (g) 1 + ^ x»yi®yj 

[k]=IUj,J^l 

(g)x«yi...yfc + x»yi...yfc(g)l+ ^ ® yi) ® yj ® yx- 

IUjUK=[k\,J,Kitl 

We put: 

P(x,yi...yfc) =x*yi...yfc- ^ F^^~‘^\x ® yi)yj. 

/Uj=[fc],|j|>2 


A(x*yi...yfc) = 1 
= 1 
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The preceding computation shows that P{x, yi..., yk) is primitive, so belongs to V. Let yk+i G 

F. 


A(x • yi... yk+i) = ^ '^\x®yi)yj_®yK 

/Ujuii'=[fc+i],ic^i,|j|>2' ' 

k 

+ P{x, 2 / 1 ... yfc) (8) 2/fc+i + ^ p{x, 2/1 •• • Vi-iVi+i ■ ■ ■ 2/fc+i) Vi- 

i=\ 

By cocommutativity, considering the projection on F (8 F, we deduce that P{x, yi ■ ■ ■ yk) G 
Vect{yi, ...,yk, 2/fc+i) for all nonzero i/fc+i € F. In particular, for yi = i/fc+i, P^x <8 2/i • • • 2/fc) G 
Vect{yi ,..., yk)- By multilinearity, there exists ..., G (F (8 5'fc_i(F))*, such that for all 
x,yi,...,ykeV: 

P{x, 2/1 ... 2/fc) = Fi{x (8 2/2 • • • 2/fc)2/i + • • • + Fkix <8 2/i • • • 2/fc-i)2/fc- 
By symmetry in i/i, • • •, 2 /fc, = ... = = Ffc_i. Then: 

a;*2/i---2/fc = X] F^’^~‘^\x ^yi)yj + ^ Ffe_i(x (8 2//)2/J 

/Uj=[fc],|j|>2 /Uj=[fc],|j|=l 

= ^ F^^~^\x®yi)yj 

/Uj=[fc],|j|>l 

= (8 ( 2/1 • • • 2/fc)0(yi • • • 2/fc)" + ® 1 ) 2/1 • • • 2 /fc- 

We defined a map F : F <8 <S'(F) —> FT, such that for all x G F, 6 G S+(F), 

x •b = F{x (8 60^" + F{x (8 1)6. 

We extend F in a map from ^(F) <8 ^(F) to 5(F) by: 

• F(1 <8 6) = 0. 

fc 

• For all xi,..., Xfc G F, F(xi... x^ <8 6) = xi... Xi_iF(xi <8 6)xi+i... x^. 

i=l 

This map F satisfies points 2 and 3. Let us consider: 

F = {a G A I V6 G 5+(F), a • 6 = F(a <8 b')b'' + F(a <8 1)6}. 

As 1 • 6 = 0 for all 6 G 5(F), 1 G F. By construction of F, F C F. Let 01,02 G F. For any 
6 g 5+(F): 


0102 • 6 = (oi • 6)02 + Ol(o2 • 6) 

= F(oi (8 b')a 2 b” + aiF(a 2 • 6 ') 6 " + F(ai (8 1)026 + oiF(a 2 <8 1)6 
= F(oi02 <8 b')b” + F(aia2 <8 1)6. 

So 0102 G F. Hence, F is a subalgebra of 5(F) containing F, so is equal to 5(F): F satisfies 
the first point. □ 

Remarks. 

1. In this case, for all primitive element v, the 1-cocycle of the bialgebra A defined by L{x) = 
o • X is the coboundary associated to the linear form defined by /(x) = —F(a (8 x) 
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2. In particular, the preLie product of two elements x, y of Prim{A) si given by: 

X •y = F{x 0 l)y- 

Lemma 26 With the preceding hypothesis, let us assume that F{x (8> 1) = 0 for all x € 
Frim{A). Then • = 0. 

Proof. We assume that A = S{V) as a bialgebra. By hypothesis, for all a £ A, F(a^l) = 0, 
so a • 1 = 0. This implies that for all a,b £ 

A{a • b) = a • b' 0 b” + a' • b' 0 a''b" + a' •b^ a" + a' 0 a" • b. 

Let us prove the following assertion by induction on N: for all k < N, for all x,yi,... ,yk £ V, 
X • yi.. .yk = 0. By hypothesis, this is true for N = 1. Let us assume the result at a certain 
rank N > 2. Let us choose x,yi,..., y^ £ V. Then, by the induction hypothesis: 

A{x •yi... yN) = 0 + 0 + 0 + 0 = 0. 


So X • yi... yisf Is primitive. 

Up to a factorization, we can write any x • yi... yjsf as a linear span of terms of the form 
zi • ... Zn", with zi,... ,Zn linearly independent, /3i,..., fdn G N, with /?i + ... + /3„ = A^. If 

n = 1, as dim{V) > 2 we can choose any Z 2 linearly independent with zi and take /?2 = 0. It is 
now enough to consider zi • ... Zn", with n > 2, zi,..., Zn linearly independent, /3i,..., /3„ £ 

N, Pi + ...+ fdn = N. Let oi,..., G N, such that ai + ... + an = N + 1. 

n 

= aiZi •zfF.. ...<"«) Zi, 
i=l 

n 

= Y, w{zi • ... zfp)zi (g) Zi 

i=l 
n 

+ Y, WZl • z“U .. z"*“^ . . . z"*" (g) ZlZi 
i=l 

+ Zi • z“U .. z^” (g) Zi + Zi ® Zi • z“U .. z^", 
n 

= Y^ WZl • z"U .. z"*“^ ... z"’" (g) Zl (g) Zi 
i=l 
n 

+ Y^ WZl (g) Zl • z"U .. z“’“^. . . z"" (g) Zi 
i=l 

+ Y WZl • z“U .. zf ^ . . . z“" ® Zi (g Zl. 

i 

The cocommutativity implies that for all 1 < i < n, OiZi •z”^ ... zT“^... zlf" and Zi are colinear. 
We first choose cii = /3i + 1, cii = /3i for all i > 2, and we obtain for i = 1 that zi • zf^ ... Zn" G 
Vect{zi). We then choose q;„ = /3„ + 1 and ai = Pi for all f < n — 1, and we obtain for i = n 
that Zl • zf^ ... Zn"^ £ Vect{zn). Finally, as n > 2, zi • zf^ ... Zn’^ G Vect{zi) D Uec(z 2 ) = (0); 
the hypothesis is true at trank N. 

We proved that for all x £V, for all b £ S{V), x •b = 0. By the derivation property of •, as 
V generates S{V), for all a,b £ S{V), a • 6 = 0. □ 


A(zi • z“U .. z; 






(A ® Id) o A ( ^ 


ai 
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Lemma 27 Under the preceding hypothesis, Let us assume that F{Prim{A) K) 7 ^ (0). 
Then A is isomorphic to a certain S(y,f,X), with V = Prim{A) and f{x) = P{x ® 1) for all 
xeV. 

Proof. We assume that A = S{V) as a bialgebra. Let a,b,c^ S^{V). Then: 

A([a, b]) = a' 0 a" • b + a • b' 0 b" + a' • b 0 a” 

- 6 ' (g) 6 " • a - 6 • a' (g) a" - 6 ' (g) a (g) 6 " + [a', b'] (g) a''b", 

where [—, —] is the Lie bracket associated to •. Hence: 

(^a •b) • c = P{a 0 1)6 • c + P{a 0 b')b'' • c 

= P{a 0 l)P{b 0 l)c + P{a 0 l)P{b 0 c')c" 

+ P{a 0 b')P{b" 0 l)c + P{a 0 b')P{b" 0 c')c", 

{a* c) •b = P{a 0 l)P{c 0 1)6 + P{a 0 l)P{c 0 b')b" 

+ P{a 0 c')T(c" 0 1)6 + P{a 0 c')P(c" 0 6 ') 6 ", 

a • [ 6 , c] = P{a 0 1)T(6 0 l)c + P{a 0 1)T(6 0 c')c" — P{a 0 l)P{c 0 1)6 

- F(a 0 l)F(c 0 6 ') 6 " + P{a 0 6 ')P( 6 " 0 l)c + P{a 0 6 ')T( 6 " 0 c')c" 

- P{a 0 c')T(c" 0 1)6 - P{a 0 c')P{c'' 0 6 ') 6 " + F(a 0 P{b 0 l)c')c" 

+ F(a 0 F (6 0 c')c")c"' - P{a 0 F(c 0 1)6')6" - P{a 0 F(c 0 b')b”)b”' 

+ P{a 0 P{b' 0 l)c) 6 " + F(a 0 P{b' 0 c')c") 6 " - P{a 0 F(c' 0 l) 6 )c" 

+ F(a 0 F(c' 0 6 ') 6 ")c" + F(a 0 F( 6 ' 0 l)c') 6 "c" + F(a 0 P{b' 0 c')c") 6 "c'" 

- F(a 0 P{c' 0 l) 6 ') 6 "c"' - P{a 0 F(c' 0 b')b")b'"c". 

The preLie relation implies that: 

0 = F(a 0 P{b 0 l)c')c" + P{a 0 P{b 0 c')c")c'" - F(a 0 F(c 0 1)6')6" 

- P{a 0 F(c 0 b')b")b'" + P{a 0 F( 6 ' 0 l)c) 6 " + P{a 0 P{b' 0 c')c") 6 " 

- P{a 0 F(c' 0 l) 6 )c" + P{a 0 F(c' 0 6 ') 6 ")c" + F(o 0 F( 6 ' 0 l)c') 6 "c" 

+ P{a 0 P{b' 0 c')c") 6 "c'" - F(a 0 F(c' 0 l) 6 ') 6 "c"' - P{a 0 F(c' 0 b')b")b'"c". 

For a = X G H, 6 = 7 / € H, as F(H 0 S'CF)) C K, this simplifies to: 

F(x 0 c')P{y 0 l)c" + F(?/ 0 c')P{x 0 c")c'" = F(x 0 F(c' 0 l)y)c". (1) 

Let xi,..., Xfc € H, linearly independent, oi,..., Ofc € N, with oi + ... + oat > 1. We take 
c = x“^^^... x^* and d = x“^ ... x^*". The coefficient of xi in ([1]), seen as an equality between 
two polynomials in xi,..., x^, gives: 

(oi + l)(F(x 0 d)P{y 0 1) + P{y 0 d')P{x 0 d!')) = (oi + l)F(x 0 P{d 0 l)y). 

Hence, for all x,y ^V, for all c € S'+(H): 

P{x 0 c)P{y 0 1) + P{y 0 c')P{x 0 c") = P{x 0 P{c 0 l)y). (2) 

We put /(x) = F(x 0 1) for all x € H. If / = 0, by lemma [26l • = 0, so H is isomorphic 
to 5(H, 0,0). Let us assume that / 7 ^ 0 and let us choose y £ V, such that f{y) = 1. If 
zi,...,Zk£ Ker{f), then: 

k 

P{zi ...Zk®l) = '^zi... g{zi) ...Zk = 0. 
i=l 
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Consequenlty, if c € S+{Ker{f)) C S+{V), ([2]) gives: 

F(x 0 c') + F(y 0 c')F{x 0 c") = 0. 

An easy induction on the length of c proved that for all c G S^{Ker{g)), F{x 0 c) = 0 for all 
X &V. So there exists linear forms gk ^V* , such that for all x,yi, . .. ,yk € V: 

F(x 0 2 / 1 ... 2 /fc) = gk{x)f{yi)... f{yk)- 


In particular, go = f- The preLie product is then given by: 

k-l 

x»yi...yk = '^gi{x) ^ 2/1 ■■■/(y/i) ■■■/(%/)••• 2 /fc- 

i=l l<ji<...<ji<k 

Let x,y,zi,...,Zk €V. 

k-l 

x»{yzi...Zk) = x*J29i{y) 

i=0 

k—1 /I ^ \ k 


^ gi-i-i{x)gi{x) ^ f{zi) ■ ■ ■ f{zj-i)zjf{zj+i)... f{zk) + S>2{V), 

i=0 V * / 


{x»y)» zi...Zk = f{x)y • zi ... Zk 

k 

= f{x)gk-l{v) f{zi) . . . f{Zj-l)Zjf{Zj+l) . . . f{Zk) + S> 2 {V), 

i=i 

k 

x»{zi...zk»y) = '^ f{yi)x •zi... Zi-iZi+i ...Zky 
i=l 

= kgk-i{x)f{zi)... f{zk)y 
k 

+ {k- 'i-)f{x)gk-i{y)J2^^^^^ ■ ■ ■ ■ --fizk) + S>2{V), 


i=i 


k-l 


{x»zi...zk)»y = '^gi{x) ^ zi... f{zj^)... f{zj^)... Zk • y 

i = 0 

k 

= kf{x)gk-iiy) • • • f(^k) + S> 2 {V). 

i=i 

Let us choose zi = ... = Zk = z, such that f(z) = 1. Then: 

k 

= kz^0. 
i=i 

The preLie relation implies: 

k-l 

fix)gk-i{y) + {k- l)gk-i{x)f{y) -J29i(y)9k-i-i{x) 

so, for all / > 1: 


i=0 


k-l 


= 0 , 


lgi{x)f{y) = '^gi{y)gu{x)(^\ 

i=i 


( 3 ) 
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Let us choose x such that f{x) = 1. Let us consider y G Ker(f), and let us prove that gi{y) = 0 
for all i > 0. As = f, this is obvious for i = 0. Let us assume the result at all rank < I, with 
/ > 1. Then ([3]) gives: 


l-i 


0 = '^gi{y)gii{x)i . 1 +gi{y)f{x) = gi{y). 


2=1 

Consequently, for all / > 1 , there exists a scalar Xi such that gi = Xif. If f{x) = /(y) = 1, 
equation ([3]) gives, for all / > 1: 

I'M = f ~ + A/, 


2 = 1 


2 = 1 


so, for all I > 2 : 


l-i 


A/ — . _ ^ 


2=1 


An induction proves that A/ = IIX[ for all / > 1. Putting Ai = A, for all x, xi,..., G P: 


x»xi...xfc= ^ \I\lX^^^f{x)Y\_f{xi)Y\xi. 

ic{i,...,k} iei i^i 


This is the preLie product of ^(P, /, A). 


□ 


4.2 Second case 

We now assume that P is one-dimensional. So 5'(P) and ]K.[X] are isomorphic as bialgebras. Let 
us describe all the preLie products on ]K[X] making it a Com-PreLie bialgebra. 

Proposition 28 Let A, /r G K. IPe define: 

k+l-l k+l-i-l 

X'^»X^ = Xkn y - -X\ 

^ ii 


i=k 


{i-k + l)V 


Then (]K[X], m, A) is a Zinbiel-PreLie algebra denoted by Q'{X,fj,). 


Proof. If A = 0, • = 0 and the result is obvious. Let us assume that A 7 ^ 0. Let P one¬ 
dimensional, X G P, nonzero, and let / G P* defined by /(x) = j. In T(P,/, A), by lemma [HI 


for all kfi > 0: 




x^ •x’- = 




i=k 


% 

k-\ 


Let us consider the Hopf algebra isomorphism: 

]K[X] 


0 : 


A 


r(p) 

X. 


For all k,l > 0: 


fc+Z—1 


0(A^) • 0(aO = ^ 


ilkUl 


i=k 


(A:-l)!(i-A; + l)!‘ 


1 k-\-l—l—i 


i=k 


{i-k + l)\ 


By proposition [THl T{V,f,X) is a Zinbiel-PreLie bialgebra, so is Q'{X,y,). 


□ 
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Proposition 29 Let • a preLie product on K[X] such that (]K[X], m, •, A) is a Com-PreLie 
bialgebra. Then (K[A],m,•jA) = g(^)(l,A,l) for a certain A G K, or g'(A,;u) for a certain 
(A,/i) G 


Proof. Let vr ; ]K[A] —>■ K[A] be the canonical projection on Vect{X): 


f 1K[A] —^ IC[A] 

1 ^ 6k,iX. 


For all k > 0, we put 7r(A • X^) = A^A. 


We shall use the map w = mo {tt ^ Id) o A. For all A: > 0: 


n7(A^) = mo{^®Id) A* ® A^-* j = m{kX ® X^-^) = kX^. 


First step. We fix Z > 0. For all P,Q€ 1K[A], s{P • Q) = 0; hence, we can write: 


A .a' = '^aiX\ 

i=l 


Then: 


OO 

ro(A. a') = ^iaiX^ 

i=l 

= m o (tt <8: Id) o A(A • A*) 



Hence: 



By derivation, for all A: > 0, A^ • A* = kX^ ^r all k,l > 0: 




l+i 


I \ ^l-j+l T^j+k-l 

3 + ly 3 
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Second step. In particular, for all A: > 0, • 1 = kX^X^, and X • X = ^X‘^ + AiX. Hence: 


\ 2 \ 

X • (X • 1) - (X • X) • 1 = ^X^ + AoAiX - y X^ • 1 - AiX • 1 

= ^X^ + AoAiX - AgX^ - AoAiX 

= -^X2; 

2 

X • (1 • X) - (X • 1) • X = 0 - AqX • X 

= -^X2 - AoAiX. 


By the preLie relation, AqAi = 0. We shall now study three cases: 


f Ao / 0, 

2 

O 

II 

O 

\Ai =0; 

\Ai =0; 

c 

dL 

o 


Third step. First case: Aq 0, Ai = 0. Let us prove that A^ 
induction on k. It is obvious if A: = 1. Let us assume that Ai = . 
X»X^ = ^X^+i + AfcX, and: 


0 for all A > 1 by 
= Afc-i = 0. Then 


X • (X'^ • 1) - (X • X*^) • 1 


^Agx'^+i + AoAfcX - XlX^+^ - AoAfcX 


X . (1 . X'^) - (X . 1) . X'^ = 0 - Ao 

= ;^A2x'^+i - AoAfcX. 


By the preLie relation, AqA^ = 0. As Aq 0, A^ = 0. 

Finally, X^ • X* = Aoy^X^"*"^ for all k,l >0: this is the preLie product of Aq, !)• 

Fourth step. Second case: Aq = Ai = 0. Let us prove that A^ = 0 for all k > 0. It is obvious 
if A = 0, 1. Let us assume that Aq = • • • = X^-i = 0, with A > 2. Then X* • X^ = 0 for all j < A, 
i > 0. Hence: 


X • (X^+I • X^-^) = (X • X^+^) • X^-^ = (X • X^-^) • X^+1 = 0. 
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By the preLie relation, X • {X^ ^ • X^^^) = 0. Moreover: 


X • {X^-^ • X^+^) = X • 


k+ 2 - j 


Vt _ i)h^x'=+2--' 


= X . ht - IjAt+iX*-' + (J: + !)(«: - l)hx'= 

^0 + ^tzMi±21x,x.x‘‘ 


= ttMKtti) A|x + 0^ 

Hence, Afc = 0. 

We finally obtain by the first step X^ • X^ = 0 for all k,l > 0: this is the trivial preLie 
product of 0 ^^^(O). 

k\ 

Fifth step. Last case: Aq = 0, Ai 7 ^ 0. Let us prove that A^ = , ^ for all k > 1. It is 

2 ''“^ Aj^“^ 

obvious if /c = 1 or /c = 2. Let us assume the result at all rank < k, with k >2. 

7r{{X . X) • X^) = tt{XiX • X’^) 

= AiAfcX; 


r(X . (X . X^)) = vr ^ ^ ^X . X^’ 

^ / k \ Afc+i-jAj 




- I 2AiAfc + {k- j X; 


r((X . X‘) . X) = j: ( J _ ) E^.(XJ . X) 


^^\k + l-jj j 


k \ -^fc+i—J 


j^^\k + l-jj j 

= AiAfcX + 0; 


vr(jAiX^') 


7r(X • (X^ • X)) = kXi7r{X • X^) 

= kX^Xf^X. 
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By the preLie relation: 


fc-i 


A:! 

2AiAfc (/c . k—3 — kXiXk, 

^ Ai 

A:! A^~^ 

which gives, as Ai 7 ^ 0 and k > 3, X^ = ^- 2 ' Finally, the first step gives, for all k,l > 0, 

2 A^ 


with A = Ai and ^ = 


X 2 

2Ai 


fc+i 


X'^»X^ = J2k 




V + 1-J7 J 

l\{l + l-j)\ a: 


^ + 1 - j)l{j - l)!j 2 '-i 


i-j 

2 


-J 


xkii Y, 

j=i 

k+l-l k+l-i-l 

xkii y 


i=k 


{i — k + 1)! 


This is the preLie product of g^(A,/r). 

As 0 ^(A, /i) is a special case of S(1A, /, A), this ends the proof of theorem 


□ 
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